Coordinated motion of cell monolayers during epithelial wound healing and tissue morphogenesis involves mechanical stress generation. Here we propose a continuum model of epithelial expansion that couples mechanical deformations in the tissue to contractile activity in the cells. A new ingredient of our model is a feedback between local strain and contractility that naturally yields a mechanism for viscoelasticity and effective inertia in the cell monolayer. Using a combination of analytical and numerical techniques, we demonstrate that our model quantitatively reproduces many experimental findings [Nat. Phys. 8, 628 (2012)], including the build-up of intercellular stresses, and the existence of traveling mechanical waves guiding the monolayer expansion. and long-scale force generation, which in turn rely on the interplay of cell-cell cohesion, cell adhesion to the extracellular matrix, as well as myosin based contractility [6, 7] . Recent experiments reveal that unconstrained tissue expansion is accompanied by propagating mechanical waves and build-up of intercellular stresses [8] . The existence of these waves was shown to depend upon expressions of myosin activity, cell-cell adhesion and cytoskeletal remodeling. These findings pose a fundamental physical question: how do waves arise in over-damped active elastic media? What are the underlying spatiotemporal patterns governing stress propagation in dense expanding cell layers?
Coordinated motion of cell monolayers during epithelial wound healing and tissue morphogenesis involves mechanical stress generation. Here we propose a continuum model of epithelial expansion that couples mechanical deformations in the tissue to contractile activity in the cells. A new ingredient of our model is a feedback between local strain and contractility that naturally yields a mechanism for viscoelasticity and effective inertia in the cell monolayer. Using a combination of analytical and numerical techniques, we demonstrate that our model quantitatively reproduces many experimental findings [Nat. Phys. 8, 628 (2012) ], including the build-up of intercellular stresses, and the existence of traveling mechanical waves guiding the monolayer expansion.
PACS numbers: 87.10.Ca, 87.18.Fx, 87. 18.Gh Many developmental processes, such as embryogenesis [1] , tissue morphogenesis [2] , wound healing [3] and cancer metastasis [4] , involve collective cell migration [5] and long-scale force generation, which in turn rely on the interplay of cell-cell cohesion, cell adhesion to the extracellular matrix, as well as myosin based contractility [6, 7] . Recent experiments reveal that unconstrained tissue expansion is accompanied by propagating mechanical waves and build-up of intercellular stresses [8] . The existence of these waves was shown to depend upon expressions of myosin activity, cell-cell adhesion and cytoskeletal remodeling. These findings pose a fundamental physical question: how do waves arise in over-damped active elastic media? What are the underlying spatiotemporal patterns governing stress propagation in dense expanding cell layers?
Active materials encompass a wide range of living and non-living systems with inborn mechanical stresses regulated by chemical reactions. Generic descriptions of the dynamics of such materials predict a broad class of non-equilibrium states including spontaneous flow, wave propagation and pattern formation [9] [10] [11] . While the dynamics of active fluids have been extensively studied, quantitative descriptions of active contractile materials are much less developed. Recent work has suggested that a polarized elastic medium driven by chemical agents can exhibit finger-like protrusions and internal stress accumulation during expansion [12] . It remains unclear, however, how cell contractility, polarization or tissue cohesion influence stress generation and wave propagation. Earlier work by two of us showed that the coupling of mechanical and chemical degrees of freedom can lead to an effective inertia and sustained propagation of waves [13, 14] . Related models also emphasize that turnovers in actomyosin activity are essential to capture spontaneous oscillations in cell cytoskeleton [15, 16] . In this Letter, we propose a new mechanism of stress propagation in multicellular materials based on a local feedback between elastic deformations and cell contractility.
We consider a minimal model for an expanding cell monolayer, described as an elastic continuum coupled to an internal degree of freedom, the concentration of contractile elements. The assumption of elasticity is supported by experimental evidences that in cohesive cell layers stress and strain tend to be in phase, as expected in an elastic material [7, 8] . The contractile elements represent the actomyosin units that locally generate contractile stresses in the cells. We propose that tissue expansion promotes accumulation of these contractile units, leading to larger contractile forces that can compete with the forces of propulsion. This simple mechano-chemical feedback successfully captures the experimentally observed stress waves [8] and self-sustained periods of stiffening and fluidization in the tissue. The steady state of such a system is described by polarization being largest at the edges and lowest at the center. In addition, we also consider the effect of time-dependent propulsion forces due to fluctuations in cell polarization. Finally, a simple scaling model for the expanding cell layer captures the mechanical oscillations and predicts pulsatory motion of the parameters characterizing the layer's shape.
Continuum Model for spreading cell layer. We consider a thin film of cell monolayer spreading in the xy plane, with height h(t) at time t (Fig. 1A, inset) . In the absence of external forces, in-plane force-balance gives ∂ j Σ ij + ∂ z Σ iz = 0, where Σ is the stress tensor and the latin indices denote in-plane coordinates x or y. For h L, d, the x and y linear extensions of the cell layer, we average the force-balance equation across the z-direction to obtain h∂ j σ ij = Σ iz | z=0 , where σ(x, y) = dzΣ(x, y, z), assuming that the top layer (z = h) is stress free. The shear stress at the cell-substrate interface is the traction stress exerted by the cell on the substrate. It is given by, Σ iz | z=0 = T i = Γ∂ t u i − f 0 p i , with Γ the friction density, u the elastic displacement field, p the cell polarization and f 0 the propulsion force per unit cross-sectional area. Thus the substrate in turn exerts a thrust force on the cell equal to −T i . We further simplify the model by assuming translational invariance along the y-direction. The equation of motion governing the displacement field, u(x, t), of the cell layer is given by (0 < |x| < L/2),
where σ(x, t) is the internal stress in the monolayer, σ = −Π + Bε + σ a (c). The internal stress is given by the sum of an internal pressure (Π), an elastic stress, with B the compressional elastic modulus and ε = ∂ x u the strain field, and an active stress σ a that depends on the concentration c of contractile elements. The pressure Π accounts for internal growth due to cell proliferation and is taken to be constant and uniform for simplicity. The active stress is proportional to ∆µ(c), the change in chemical potential during ATP hydrolysis, which is related to the concentration field as, ∆µ(c) ∝ log (c/c 0 ), with c 0 the equilibrium concentration. We thus have, σ a = β log (c/c 0 ), where β > 0 is the magnitude of the contractile stress. The dynamics of the concentration field c(x, t) is given by,
where τ is the timescale of turnover of the contractile elements, α > 0 (< 0) is the rate of production (degradation) of c due to a local extension (contraction) and J(x, t) is the current responsible for transport of these active units. The total current is a sum of diffusive and convective fluxes, J = −D∂ x c + c∂ t u, where D is the diffusion constant. Together Eqs. (1) and (2) define the dynamics of the spreading monolayer, given the form of p(x, t), the boundary and initial conditions. We first consider the case of constant but non-uniform propulsion force given by p(x, t) = tanh (x/λ) where λ is a length scale controlling the localization of propulsion forces at the monolayer edge (see Fig. 1A ). The layer height is determined by the condition of volume conservation,
, with L 0 and h 0 the initial length and height of the monolayer, respectively. The boundary of the monolayer is stress free, i.e., σ(±L/2, t) = 0 at all times. We assume that the monolayer is initially undeformed, u(x, 0) = 0, with an equilibrium concentration of contractile elements, c(x, 0) = c 0 , and choose a no-flux boundary condition for c, ∂ x c(±L/2, t) = 0. Propagating waves. In the absence of propulsion force (f 0 = 0), the cell layer is in a quiescent homogeneous steady-state, with u = 0 and c = c 0 . As the propulsion force is turned on, the cell layer begins to spread and attains a steady-state length L ∞ , and height h ∞ . The steady state monolayer stress is σ ∞ (x) =
) . The stress initially shows a few local maxima (Fig. 1B) , which evolve towards a single maximum at the center of the monolayer, as observed in experiments [8, 17] . The concentration of contractile elements also exhibits oscillatory behavior and builds up at the center of the monolayer (Fig. 1C) . The stress waves propagate nearly in phase with the strain field, whereas the strain rate fluctuates nearly out of phase with the stress (Fig. 1D) . Thus the response of the material is dominated by elastic relaxation with dissipation induced by turnovers in contractility on a timescale τ . To understand the origin of viscoelasticity and wave propagation in the monolayer, we study the linear fluctuations in the strain field, δε and the concentration field δc, about their inhomogeneous steady states, ε ∞ and c ∞ . Using Eqs. (1) and (2), one can eliminate δc to obtain the linearized dynamics of strain fluctuations,
The above equation shows that the coupling of strain to concentration field yields an effective mass density (inertia), τ Γ, and viscoelasticity characterized by an effective elastic modulus, B eff = B + αβτ /c 0 , and an effective viscosity η eff = (B − β + DΓ/h 0 )τ . The dynamics of strain fluctuations resemble a damped Kelvin-Voigt oscillator with a characteristic frequency of oscillations,
. If the concentration c is a conserved field (τ → ∞; α = 0), stable propagating waves are observed for 0 Kymographs of (B) the monolayer stress field, (C) strain rate ∂tε(x, t), and (D) c(x, t)/c0, for parameter values corresponding to region II of the phase diagram, taken to be the same as in Fig. 1 .
slow compared to elastic relaxation, DΓ/Bh 0 1, as is relevant experimentally, stable propagating waves are not observed (see Supplemental Material) [18] . In the opposite limit of faster turnovers in contractility (τ → 0), strain fluctuations decay diffusively at a rate B/ΓL 2 . A linear stability analysis of the inhomogeneous stationary solution (ε ∞ (x), c ∞ (x)) yields the range of parameters where propagating waves can occur. The resultant phase diagram is shown in Fig. 2A , as functions of the contractile activity β and the wavenumber qL 0 , where q is the magnitude of the wavevector. For α > 0 and a fixed value of elastic modulus B, the phase diagram in Fig. 2A shows that the propagating waves occur at finite values of the wavenumber and are not observed in the long wavelength limit (q → 0). The oscillations are unstable when the effective damping coefficient in Eq. (3), Γ eff Γ + η eff /L 2 , changes sign for β > ΓL 2 /τ + B + DΓ/h 0 . If α < 0, the waves disappear and there exists a long wavelength contractile instability for β > Bc 0 /ατ , describing material failure [13, 19] .
We integrate numerically Eqs. (1) and (2) with the given initial and boundary conditions, using the RungeKutta-Fehlberg method. While the model parameters are cell-type dependent, their values are chosen to quantitatively capture available experimental data in MDCK colonies [8] . Specifically, we choose an initial length of the monolayer L 0 = 600 µm, cross-sectional area A = 1000 µm 2 , spreading force F 0 = f 0 A = 4 nN and friction γ = ΓA = 9 nN min/µm. The timescale of spreading is thus τ s = L 0 Γ/f 0 1400 min. With the given parameter values we are able to capture the mechanical waves as evident in the kymographs of monolayer stress, strain rate and concentration of contractile units (Fig. 2B-D) . The waves span the entire length of the monolayer and are described by a strain rate wavefront that propagates inwards from the edge with a speed ω 0 L 0 , and subsequently travels back to the edge, resembling an X-pattern, as observed experimentally [8] .
Mean field model. The mean field limit of the continuum model is obtained by neglecting spatial variations in the concentration field c, and the monolayer strain field ε. The mean field dynamics is determined by the length (L), height (h), and the average concentration of contractile elements,
The coupled dynamics of L and c is given by,
where F 0 is the propulsion force, γ is the friction, A(t) = dh(t) is the cross-sectional area, ε(t) = L(t)/L 0 − 1 is the strain and σ(t) is the internal stress given by σ(t) = Bε(t) + β(c(t)/c 0 − 1). The height is determined using the incompressibility condition and the size in the y direction, d, is assumed fixed. The steady state solution is given by,
is the net compressive strain in the z-direction. For a given value of elastic modulus B, the mean-field model predicts oscillatory solutions for β > β c , where β c (B) defines the phase boundary in (B, β) plane, separating the regions of propagating waves and diffusive spreading (see Fig. 3A ). The stress waves manifest as shape oscillations in the growing length and the shrinking height of the cell monolayer. For β < β c the monolayer diffusively approaches the steady state (c ∞ , L ∞ ). This simple mean-field approach allows us to study the material response of the monolayer characterized by its effective elastic modulus, B eff = dσ/dε. The oscillatory regime (β > β c ) is characterized by sustained oscillations in the material rigidity, B eff , with a slow period of stiffening followed by a sharp turnover (see Fig. 3B ). For β < β c , the material gradually stiffens with B eff asymptotically approaching the value B + αβτ /c 0 . These oscillations reflect self-sustained turnovers in the cytoskeleton with periodic reinforcement and fluidization occurring at different timescales.
Time-dependent propulsion forces. Finally, we consider the effect of time-dependence of the propulsion force, as arising from the dynamics of cell polarization p(x, t) given by
where the first two terms with b > 0 allow for the onset of a homogeneous polarized state when a > 0. The stiffness constant κ characterizes the cost of local deformations in the polarization. The last two terms in Eq. (5) define active couplings of p to the strain and the concentration field, with w, w > 0, such that p aligns with the gradient of monolayer density and the concentration field. In other words, cell polarization is enhanced in the direction opposite to that of elastic restoring forces. Additionally, polarization gradients can induce mechanical stresses, and the stress tensor is modified to read, σ = Bε + σ a (c) + β ∂ x p, where β > 0 is a contractile tension induced by polarization gradients. We assume a no-flux boundary condition for the polarization, p (±L/2) = 0. For w = w = 0 and if t a −1 , such that L κ/a, then the solution is essentially time-independent, and can be approximated as, p ∞ (x) a b tanh (x/λ), with λ = κ/a. When the coupling of polarization to strain and contractility is turned on, various spatiotemporal patterns emerge as the active tension β is varied. For low values of β , the stress patterns are qualitatively similar to Fig. 2B (with time-independent propulsion), and p asymptotically approaches p ∞ with initial oscillations near the midline (Fig. 4 A,D) . For intermediate values of β , a traveling stress pulse emerges in the layer and the location of stress maxima oscillate around the midline (Fig. 4B ). This is accompanied by large amplitude oscillations of net polarity in the layer that attenuate in time to generate a symmetric steady state polarization profile (Fig. 4E) . These traveling pulses persist even in the case β = 0. For even higher values of β complex oscillatory patterns emerge in the distribution of monolayer stress and polarization (Fig. 4C,F) .
Discussions. We have developed a simple yet rich model for the spreading dynamics of contractile matter. Our model is based on a linear feedback between Other parameter values are the same as in Fig. 1 . See Supplemental Material [18] for kymographs of strain rate, velocity and the traction stress.
local strain and contractility, such that local extension due to spreading causes accumulation of contractile elements that in turn promotes contraction. This simple mechano-chemical interaction allows us to capture the experimentally observed propagating stress waves during tissue expansion [8] . These stress waves are characterized by strain rate wavefronts that initiate from the leading edge and periodically travel into and away from the midline of the monolayer. Furthermore, our findings show that the effective material rigidity of the tissue undergoes sustained periods of stiffening and softening as waves propagate within the system. Using a minimal phenomenological model we are able to draw important general conclusions regarding the mechanics of cellular materials. First, a finite turnover rate in the constituent contractile elements can yield an effective inertia and viscoelasticity in an otherwise non-inertial elastic medium. Secondly, the existence of mechanical waves depends upon a local feedback between material strain and contractility. The model is amenable to generalizations to higher dimensions and can be adapted to study spreading in different planar geometries [18] .
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Planar dynamics of a spreading cell monolayer
In the main text, we describe an effective onedimensional model for a spreading cell monolayer by assuming a translational invariance along y-direction. Here we formulate the dynamics of the spreading cell layer in two dimensions. The cell layer is modeled as an elastic medium whose local deformations are characterized by a displacement field u(r, t) about its initially undeformed state. Contractile activity in the constituent cells are described in terms of a scalar concentration field c(r, t) of actomyosin stress fibers. In addition, we describe local cell polarization by a vector field p(r, t), accounting for orientation of actin stress fibers. In the thin-film limit,
